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Main result
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Main result

Today, | would like to convince you of the following:

Theorem

Let X be a compact metric space of finite covering dimension and let
a: Z™ ~ X be a free continuous group action. Then the transformation
group C*-algebra C(X) xo Z™ has finite nuclear dimension.

In particular, when « is assumed to be free and minimal, then
C(X) xq Z™ is Z-stable.




Rokhlin dimension for Z"*-actions

We will use the following notations:

e X is a compact metric space that is (mostly) assumed to have finite
covering dimension.

@ A is a unital C*-algebra.

o Either oo : Z™ ~ A is a group action via automorphisms or
a: Z™ ~ X is a continuous group action on X. In the topological
case, « is usually assumed to be free.

@ If M is some set and F' C M is a finite subset, we write FC M.

@ Forn e N, let
B ={0,...,n—1}" CcZ™.

If m is known from context, we write B,, instead.




Rokhlin dimension for Z"*-actions

Definition (Hirshberg-Winter-Zacharias)

Let A be a unital C*-algebra, and let a: Z™ ~ A be a group action via
automorphisms. We say that the action « has (cyclic) Rokhlin dimension
d, and write dimg’;, (o) = d, if d is the smallest natural number with the

following property:
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Rokhlin dimension for Z"*-actions

Definition (Hirshberg-Winter-Zacharias)

Let A be a unital C*-algebra, and let a: Z™ ~ A be a group action via
automorphisms. We say that the action « has (cyclic) Rokhlin dimension
d, and write dimg’;, (o) = d, if d is the smallest natural number with the

following property:
For all FCA,e > 0,n € N, there exist positive contractions (fgl))iz%;’d
in A satisfying the following properties:

(1) ||1A*ZZJC

=0 veB,,
@) 1OV <cforalli=0,...,d and v # w in By,
(3) ||a( Dy I <eforalll=0,...,dand v,w € B,. (!
(4) ||[ ,all| <eforalll=0,...,d,v € By and a € F.
f'

If there is no such d, we write dlmRok(a) = 00.




Rokhlin dimension for Z"*-actions

The usefulness of this notion is illustrated in the following theorem:

Theorem (Hirshberg-Winter-Zacharias 2012 for m = 1.)

Let A be a unital C*-algebra and let o : Z™ ~ A be a group action via
automorphisms. Then

dimpyc(A o Z™) < 2™(dimpyc(A) + 1)(dimgy, (o) + 1) — 1.




Rokhlin dimension for Z"*-actions

Definition (Winter)
Let (X, «,Z"™) be a topological dynamical system. We say that « has

Rokhlin dimension d, and write dimgok () = d, if d is the smallest natural

number with the following property:
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Rokhlin dimension for Z"*-actions

Definition (Winter)

Let (X, «,Z"™) be a topological dynamical system. We say that « has
Rokhlin dimension d, and write dimgok () = d, if d is the smallest natural
number with the following property:

For all n € N, there exists a family of open sets

R:{Ug”uzo,...,d, vEBn}

in X (we call this a Rokhlin cover) such that
° Uﬁl) = a“(Uél)) foralll=0,...,d and v € B,,.
@ For all [, the sets {Ugl) |v e Bn} are pairwise disjoint.

@ R is an open cover of X.

If there is no such d, then dimgek(ar) = 0.
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Rokhlin dimension for Z"*-actions

Definition (Winter)

Let (X, a,Z"™) be a topological dynamical system. We say that « has
dynamic dimension d, and write dimgyn(c) = d, if d is the smallest natural
number with the following property:

For all n € N and all open covers U of X, there exists a family of open sets

R = {U}fj 11=0,...,d, v € Bn,i = 1,...,K(1)}
in X (we call this a Rokhlin cover) such that
o UY =a*(UY) forall 1 =0,....d, i < K(I) and v € B.

e For all [, the sets {Ul(lv) | v € By,i < K(l)} are pairwise disjoint.

@ R is an open cover of X that refines I/.

If there is no such d, then dimgys(a) = oo.




Rokhlin dimension for Z"*-actions

To set the C*-algebraic Rokhlin dimension in relation to this topological
business, the following fact is key:

Let o : Z™ ~ X be a continuous group action on a compact metric space.
Let & : Z™ ~ C(X) be the induced C*-algebraic action. Then

dimp, (a) < 2™ (dimpgek(a) + 1) — 1.
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The following is one of the few known results concerning the finiteness of
Rokhlin dimension in concrete cases:
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Rokhlin dimension for Z"*-actions

The following is one of the few known results concerning the finiteness of
Rokhlin dimension in concrete cases:

Theorem (Hirshberg-Winter-Zacharias 2012)

For a minimal homeomorphism ¢ : X — X on an infinite space, we have
dimpok() < 2(dim(X) +1) — 1

and

dimgyn(p) < 2(dim(X) 4 1)% — 1.

v

Although the statement is purely topological, the proof made heavy use of
the structure of the orbit-breaking algebras

Ay =C*C(X)Uu-Co(X\Y)) C C(X)xp,Z forY =Y C X.



The (controlled) marker property for topological actions

Almost simultaniously, Yonathan Gutman published topological results
that enabled a purely topological and easy proof of this theorem.

10/22



The (controlled) marker property for topological actions

Almost simultaniously, Yonathan Gutman published topological results
that enabled a purely topological and easy proof of this theorem. It uses
the so called marker property for aperiodic homeomorphisms.

10/22



The (controlled) marker property for topological actions

Almost simultaniously, Yonathan Gutman published topological results
that enabled a purely topological and easy proof of this theorem. It uses
the so called marker property for aperiodic homeomorphisms.

Definition (Markers)

Let a : G »~ X be a continuous group action. Let FCG. An F-marker is
an open set Z C X with

o I(Z)Na(Z)=0forallg#hinF.
o X =] a%2).

geG

10/22



The (controlled) marker property for topological actions

Almost simultaniously, Yonathan Gutman published topological results
that enabled a purely topological and easy proof of this theorem. It uses
the so called marker property for aperiodic homeomorphisms.

Definition (Markers)
Let a : G »~ X be a continuous group action. Let FCG. An F-marker is
an open set Z C X with
o I(Z)Na(Z)=0forallg#hinF.
o X =] a%2).
geG

We say that « has the marker property if there exist F'-markers for all
FcaG.
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The (controlled) marker property for topological actions

Definition (Controlled markers)

Let a: Z™ ~ X be a continuous group action. Let F@CZ™ and L € N.
An L-controlled F-marker is an open set Z C X with

e a’(Z)Na*(Z)=0forallv#win F.

L
e X = U U avz—l—v(Z) for some wi,...,vr, € Z™.
l=1veF
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The (controlled) marker property for topological actions

Definition (Controlled markers)

Let a: Z™ ~ X be a continuous group action. Let F@CZ™ and L € N.
An L-controlled F-marker is an open set Z C X with

e a’(Z)Na*(Z)=0forallv#win F.

L
o X = U U a"t?(Z) for some wy,...,vp € Z™.
I=1veF
We say that « has the L-controlled marker property if there exist
L-controlled B,,-markers for all n € N.
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The (controlled) marker property for topological actions

Theorem (Gutman 2012)

If X has finite covering dimension and ¢ : X — X is aperiodic, then ¢
has the marker property.

Although the result is stated this way, careful reading of his proof yields
something stronger:
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The (controlled) marker property for topological actions

Theorem (Gutman 2012)

Let X have finite covering dimension d and let ¢ : X — X be an
aperiodic homeomorphism. For all n, there exists an n-marker
(ie. a{0,...,n— 1}-marker) Z C X such that

2(d+1)n—1
X = ' (2Z).
§=0

In particular, ¢ has the 2(d + 1)-controlled marker property.
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The (controlled) marker property for topological actions

Corollary

For an aperiodic homeomorphism ¢ : X — X, we have

dimpok(¢) < 2(dim(X) +1) —1

and
dimgyn(p) < 2(dim(X) +1)% - 1.
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The (controlled) marker property for topological actions

Corollary
For an aperiodic homeomorphism ¢ : X — X, we have

dimpok(¢) < 2(dim(X) +1) —1

and

dimgyn(p) < 2(dim(X) +1)% - 1.

Proof. We prove just the first inequality For any n, let us find an
n-marker Z such that X = U d+1 =L Si(Z). I we set U](l) = pI"ti(2)
forl=0,...,2(d+1)—1 andj =0,...,n—1, we get a Rokhlin cover
with the desired properties.
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The (controlled) marker property for topological actions

This topological proof of finite Rokhlin dimension for aperiodic
homeomorphisms is much simpler than the C*-algebraic one.
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The (controlled) marker property for topological actions

This topological proof of finite Rokhlin dimension for aperiodic
homeomorphisms is much simpler than the C*-algebraic one.

Moreover, these methods do not crucially use the group structure of Z, so
this seems to be a good approach for more general group actions.

There is just one important technical obstacle that has to be tackled in
order for this approach to be sensible for groups # Z:

15 /22



The (controlled) marker property for topological actions

Let G be a countably infinite group and o : G ~ X a continuous group
action. Let M C G be a subset and k € N be some natural number.
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The (controlled) marker property for topological actions

Definition
Let G be a countably infinite group and o : G ~ X a continuous group
action. Let M C G be a subset and k € N be some natural number.
We say that a set £ C X is (M, k)-disjoint, if for all distinct elements
~7(0),...,v(k) € M we have

OB N na"®(E) = 0.
We call E topologically G-small if E is (G, k)-disjoint for some k.

The system (X, a, G) is said to have the topological small boundary
property (TSBP), if X has a topological base consisting of open sets U
such that the boundaries QU are topologically G-small.

If we can arrange that the smallness constants are bounded by some

d € N, we say that (X, a, G) has the bounded TSBP with respect to d.

v
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The (controlled) marker property for topological actions

Theorem (Lindenstrauss 1995)

If X has finite covering dimension d and ¢ : X — X is an aperiodic

homeomorphism, then the system (X, ) has the bounded TSBP with
respect to d.
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The (controlled) marker property for topological actions

Theorem (Lindenstrauss 1995)

If X has finite covering dimension d and ¢ : X — X is an aperiodic
homeomorphism, then the system (X, ) has the bounded TSBP with
respect to d.

This property is at the heart of Gutman'’s proof of the (controlled) marker
property of aperiodic homeomorphisms. In order to generalize Gutman’s
approach, one needs an analogous theorem in greater generality.
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New results

Indeed, the analogous theorem holds in much greater generality:

Let X have finite covering dimension d and let G be a countably infinite
group that acts freely via o : G ~ X.
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New results

Indeed, the analogous theorem holds in much greater generality:

Let X have finite covering dimension d and let G be a countably infinite
group that acts freely via a : G ~ X. Then the system (X, a, G) has the
bounded TSBP with respect to d.

As it turns out, this is really a crucial building block for the proof of the
following lemma, that is a generalization of Gutman's result.
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are pairwise disjoint.
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New results

Lemma
Let X have finite covering dimension d and let G be a countably infinite
group that acts freely via o : G ~ X. Let FCG a finite subset, and let
gi,.-.,94 € G be elements such that

FF', ¢gFF~ 1, ..., g.FF!
are pairwise disjoint. Set M = FF~'Ug FF~'U. .. UgaFF~1.

Then there exists an F'-marker Z such that X = U ad(Z).
geEM
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New results

A consequence for G = Z™ is:

Let o : Z™ ~ X be a free continuous action on a compact metric space of
finite covering dimension d. Then (X, «,Z™) has the 2™ (d + 1)-controlled
marker property.
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New results

A consequence for G = Z™ is:

Let o : Z™ ~ X be a free continuous action on a compact metric space of
finite covering dimension d. Then (X, «,Z™) has the 2™ (d + 1)-controlled
marker property.

Idea of the proof: (B,, — B,,) is contained in a translate of By,. In Z'™,
one needs at most 2™ translates of B,, to cover By, hence also to cover
(B, — Bp).
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New results

Similarly as in the case m = 1, it follows that:

Corollary

For a free continuous group action « : Z™ ~ X, we have

dimpgok(a) < 2" (dim(X) +1) — 1

and
dimgyn(ar) < 2™(dim(X) + 1) — 1.
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New results

Similarly as in the case m = 1, it follows that:

Corollary

For a free continuous group action « : Z™ ~ X, we have
dimpgok(a) < 2" (dim(X) +1) — 1

and

dimgyn(ar) < 2™(dim(X) + 1) — 1.

Finally, we can combine this with the statements about the C*-algebraic
Rokhlin dimension to get:
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New results

Let X be a compact metric space of finite covering dimension and let
«a:Z™ ~ X be a free continuous group action.
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Theorem

Let X be a compact metric space of finite covering dimension and let
«a:Z™ ~ X be a free continuous group action. Then the induced
C*-algebraic action & on C(X) has finite Rokhlin dimension, and the
transformation group C*-algebra C(X) x5 Z™ has finite nuclear
dimension.
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Theorem

Let X be a compact metric space of finite covering dimension and let
«a:Z™ ~ X be a free continuous group action. Then the induced
C*-algebraic action & on C(X) has finite Rokhlin dimension, and the
transformation group C*-algebra C(X) x5 Z™ has finite nuclear
dimension. More specifically, we have

dimgs (@) < 22" (dim(X) +1) — 1
and thus
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In particular, when « is assumed to be free and minimal, then
C(X) xg Z™ is Z-stable.
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