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A word of warning: This talk describes work in progress, and the proofs of
the results still need to be checked in detail. Do not quote them yet!
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Equivariantly sequentially split *-homomorphisms

In this talk, all groups are supposed to be second countable and locally
compact.
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Equivariantly sequentially split x-homomorphisms

In this talk, all groups are supposed to be second countable and locally
compact.

Definition
Let A be a C*-algebra, G a group, a : G ~ A a (point-norm) continuous
action and w a free filter on N. Componentwise application of « yields a
(possibly not continuous) action ay, : G ~ A,,. We define

Apo={r € A, | [9g = aug(x)] is continuous} .

This yields a continuous action o, : G ~ Ay, o.

Definition
Let A and B be C*-algebras, G a groupand o : G~ Aand : G ~ B
continuous actions. An equivariant x-homomorphism ¢ : (4, a) — (B, )
is called (equivariantly) sequentially split, if there exists an equivariant
s-homomorphism ¢ : (B, ) = (Axo,a, Qo) such that the composition

1 o ¢ coincides with the standard embedding of A into A 4.
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Equivariantly sequentially split *-homomorphisms

Definition (continued)

In other words, there exists a commutative diagram

(A, ) (Aoo,aa Qo)

N 7
(B,B)

of equivariant x-homomorphisms.




Equivariantly sequentially split *-homomorphisms

Definition (continued)

In other words, there exists a commutative diagram

(A, ) (Aoo,om Qo)

N

(B,5)

of equivariant x-homomorphisms.

RENEILS

| A\

If one restricts to separable C*-algebras, one gets an equivalent definition
upon replacing (Aso,a, ®oo) by (Au o, ), for any free filter w on N.
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Like its non-equivariant counterpart, this notion is well-behaved under
some standard constructions.

Proposition

If the involved C*-algebras are separable, then the composition of two
equivariantly sequentially split x-homomorphisms is equivariantly
sequentially split.
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Proposition

Let p: (A, ) = (B, ) and ¢ : (C,v) — (D, d) be two sequentially split
*-homomorphisms. Then

90®¢:(A®maxBaa®B)_>(C®maXD77®5)

is sequentially split.

.
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Like its non-equivariant counterpart, this notion is well-behaved under
some standard constructions.

Proposition

If the involved C*-algebras are separable, then the composition of two
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Proposition
Let ¢ : (A, ) = (B, B) and ¢ : (C,v) — (D, J) be two sequentially split
*-homomorphisms. Then

(p®w:(A®maxBaa®B)_>(C®maXD’7®6)

is sequentially split.

.

In analogy to the non-equivariant case, equivariantly sequentially split
*-homomorphisms are also well-behaved with respect to equivariant
inductive limits.



Equivariantly sequentially split *-homomorphisms

Proposition
Let A and B be C*-algebras, G a groupand a: G ~ Aand §: G ~ B
continuous actions. Assume that ¢ : (A, «) — (B, 3) is a sequentially split
*-homomorphism. Then:
@ The induced *-homomorphism ¢ X G : A xo G — B x5 G between
the crossed products is sequentially split.
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Equivariantly sequentially split x-homomorphisms

Proposition
Let A and B be C*-algebras, G agroupanda: G~ Aand 3: G~ B
continuous actions. Assume that ¢ : (A, «) — (B, 3) is a sequentially split
*-homomorphism. Then:
@ The induced *-homomorphism ¢ X G : A xo G — B x5 G between
the crossed products is sequentially split.
o If G is compact, then the induced *-homomorphism ¢ : A% — B
between the fixed point algebras is sequentially split.

One has the following Takai Duality-type result:

Let A and B be o-unital C*-algebras, G an abelian group and o : G ~ A
and 3 : G ~ B continuous actions. An equivariant *-homomorphism
¢ : (A, a) — (B, ) is sequentially split if and only if the dual morphism
O (AxaG,0) = (B xgG, B3) is (G-equivariantly) sequentially split.




Equivariantly sequentially split *-homomorphisms
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be continuous actions. Assume that ¢ : (A,a) — (B,f) is a
non-degenerate, sequentially split *-homomorphism.
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Equivariantly sequentially split *-homomorphisms

Let A and B be separable C*-algebras and let a: G ~ Aand 5 : G~ B
be continuous actions. Assume that ¢ : (A,a) — (B,f) is a
non-degenerate, sequentially split x-homomorphism. Then all the
properties listed in the last talk pass from B x5 G to A x, G. If G is
compact, then the same is true for the fixed point algebras B and A®.




Rokhlin actions

@ Rokhlin actions
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Rokhlin actions

Definition (following Kirchberg '04)

Let A be a C*-algebra. The central sequence algebra of A is defined as
the quotient

Foo(A) =AsoNA'/{z € Ay | zA+ Az = 0}.
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Rokhlin actions

Definition (following Kirchberg '04)

Let A be a C*-algebra. The central sequence algebra of A is defined as
the quotient

Foo(A) =AsoNA'/{z € Ay | zA+ Az = 0}.

Let G be a group and « : G ~ A a continuous action. « induces a
(possibly not continuous) G-action ais on Fio(A). We define

Foa(A) ={z € F(A) | [9 = qoo,g(x)] is continuous} .

This yields a continuous action aeo : G ™~ Foo o (A).

If A is o-unital, then Fi,(A) is unital. In this case, the unit is represented
by any countable approximate unit for A.
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Rokhlin actions

Definition
Let A be a separable C*-algebra and G a compact group. A continuous
action a : G ~ A is said to have the Rokhlin property, if there exists a
unital and equivariant x-homomorphism

(€(G),0) = (Foo,a(A); co),

where o denotes the canonical G-shift. )
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Rokhlin actions

Definition
Let A be a separable C*-algebra and G a compact group. A continuous
action a : G ~ A is said to have the Rokhlin property, if there exists a
unital and equivariant x-homomorphism

(€(G),0) = (Foo,a(A); oo),

where o denotes the canonical G-shift.

We can characterize actions with the Rokhlin property in terms of
equivariantly sequentially split *-homomorphisms:

Proposition

Let A be a separable C*-algebra, G a compact group and a: G ~ A a
continuous action. Then « has the Rokhlin property if and only if

ida®1:(4,a) — (ARC(G),a® o)

is sequentially split.
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Rokhlin actions

Let A be a separable C*-algebra, G a compact group and o.: G ~ A an
action with the Rokhlin property. Then the natural inclusions A — A
and A x, G — A® K(L*(Q)) are sequentially split.
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Rokhlin actions

Theorem
Let A be a separable C*-algebra, G a compact group and o.: G ~ A an
action with the Rokhlin property. Then the natural inclusions A% — A
and A x, G — A® K(L?(QG)) are sequentially split. In particular, all the
properties listed in the last talk pass from A to A* and from
ARK(L*(G)) to A x4 G.

| A\

Corollary

Let A be a separable, nuclear C*-algebra, G a compact group and

« : G ~ A an action with the Rokhlin property. If A satisfies the UCT,
then A® and A %, G also satisfy the UCT.

.
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Extending lzumi's duality result

Definition

Let A be a separable C*-algebra and H a discrete group. An action
«a: H ~ Ais called approximately representable, if there exist contractions
Tpn € A, n € Nand h € H, satisfying the following relations:
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Definition

Let A be a separable C*-algebra and H a discrete group. An action
«a: H ~ Ais called approximately representable, if there exist contractions
Tpn € A, n € Nand h € H, satisfying the following relations:

(1) For h € H, (xypx) ,)n and (x) 2, p)n are approximate units for A.
(2) Forall g,h € H and a € A,

nh_{lgo l|a(zn,gZnn = Tngn) | + | (Tn,gTnn — Tngn)all = 0.
(3) Foralla€ Aand h € H, lim |ap(a) — z, pax) || =0,
n—o0 ¥
(4) For all g,h € H and a € A.

nhnolo ”a(xn,ghg*1 - ag(xn7h))” + H(xn,ghg’l - O‘g(xn,h))aH =0.

In the unital case, one recovers the usual definition by Izumi.
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Extending lzumi's duality result

Like the Rokhlin property, approximate representability can be
characterized in terms of sequentially split *-homomorphisms.
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Extending lzumi's duality result

Like the Rokhlin property, approximate representability can be
characterized in terms of sequentially split *-homomorphisms.

Proposition

Let A be a separable C*-algebra, H a discrete group and a: H ~ A an
action. Then « is approximately representable if and only if

LA (A,a) = (A Ao H, Ad()\a))

is sequentially split.

Here \* : H — U(M(A %, H)) denotes the canonical unitary
represention implementing .
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Extending lzumi's duality result

Recall 1zumi's duality result concerning the Rokhlin property and
approximate representability for finite abelian group actions on unital,
separable C*-algebras:
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Let A be a unital, separable C*-algebra, G a finite abelian group and
«: G ~ A an action. Then

(1) « has the Rokhlin property if and only if & is approximately
representable,

(2) « is approximately representable if and only if & has the Rokhlin
property.
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Extending lzumi's duality result

Using the above characterization of approximate representability and the
Takai Duality-type result for equivariantly sequentially split
*-homomorphisms, we can extend lzumi’s result as follows.
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Thank you for your attention!
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