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Warning: The research discussed in this talk is still in progress, and some
details have yet to be checked.

For the rest of the talk, we fix a 2"-countable, locally compact group G.

Objects of interest: Group actions o : G ~ A on C*-algebras.
(or possibly twisted actions (o, u) : G ~ A)

Goal: Classification up to cocycle conjugacy.

Idea: Draw inspiration from the Elliott program.

~ Focus attention on the study of morphisms between two objects, and
observe what invariants can tell us about uniqueness and existence.

What should this even mean when we classify up to cocycle conjugacy? l
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Definition

Let o : G~ A and B: G ~ B be two actions on C*-algebras. A cocycle
representation is a pair

(p,u) : (4, @) = (M(B), B),

where ¢ : A — M(B) is a x*-homomorphism, u: G — U(M(B)) is a
B-cocycle, and we have Ad(ug) o B0 =poayforall geG.
If o(A) C B, then (p,u): (A,a) — (B, p) is called a cocycle morphism.

v

For convenience, we will usually assume that ¢ is non-degenerate.
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v

For convenience, we will usually assume that ¢ is non-degenerate.

(In work of Buss—Meyer—Zhu, an almost identical concept was called
“transformation” and/or “weakly equivariant map". Later it also appeared
in work of Omland-Quigg—Kaliszewski.)
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Definition

Let o : G~ A and B: G ~ B be two actions on C*-algebras. A cocycle
representation is a pair

(p,u) : (4, @) = (M(B), B),

where ¢ : A — M(B) is a x*-homomorphism, u: G — U(M(B)) is a
p-cocycle, and we have Ad(ugy) o By0¢ = poay, forall g€ G.
If o(A) C B, then (p,u): (A,a) — (B, p) is called a cocycle morphism.

w

For convenience, we will usually assume that ¢ is non-degenerate.

(In work of Buss—Meyer—Zhu, an almost identical concept was called
“transformation” and/or “weakly equivariant map". Later it also appeared
in work of Omland-Quigg—Kaliszewski.)

For u = 1, we recover what it means for ¢ to be equivariant.
For 8 = id, we recover the concept of a covariant representation for (A, a).
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Introduction The cocycle category

Definition (Composition)
Leta: G~ A, B:G~ B, and v: G ~ C be three actions on
C*-algebras. Suppose that

(p,u): (A,0) = (M(B), ) and (9,v): (B, ) = (M(C),7)

are two (non-degenerate) cocycle representations. Then the pair

(¢ 0@, (us)ve) =: (¢, v) 0 (p,1)

is a cocycle representation from (A, a) to (M(C),7).
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the pair (id4,1) =id4 is a neutral element. Thus we can consider the
G-C*-algebras as a category with morphisms being the cocycle morphisms.
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Introduction The cocycle category

Definition (Composition)
Leta: G~ A, B:G~ B, and v: G ~ C be three actions on
C*-algebras. Suppose that

(p,u): (A,0) = (M(B), ) and (9,v): (B, ) = (M(C),7)

are two (non-degenerate) cocycle representations. Then the pair

(¥ 00,9 (ue)ve) =: (¥, V) 0 (p, 1)

is a cocycle representation from (A, a) to (M(C),7).

The binary operation “o" becomes associative, and on every object (A, )
the pair (ida,1) = id4 is a neutral element. Thus we can consider the
G-C*-algebras as a category with morphisms being the cocycle morphisms.

Observation
An isomorphism in this category is precisely a cocycle conjugacy.
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Introduction The cocycle category

For a given action § : G ~ B and a unitary u € U(M(B)), the pair
Ad(u) := (Ad(u), uBe(u))

is an inner cocycle morphism on (B, 3).
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Example

For a given action § : G ~ B and a unitary u € U(M(B)), the pair
Ad(u) = (Ad(u), uBa(u)")

is an inner cocycle morphism on (B, 3). Given a cocycle representation
(p,u): (A,a) — (M(B), ), the composition is given as

Ad(u) o (p,u) = (Ad(u) 0 @, utefe(u)*).
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Example

For a given action § : G ~ B and a unitary u € U(M(B)), the pair
Ad(u) := (Ad(u), ufe(u)”)

is an inner cocycle morphism on (B, 3). Given a cocycle representation
(p,u) : (A4,a) = (M(B), 5), the composition is given as

Ad(u) o (p,u) = (Ad(u) 0 @, utefe(u)*).

Remark
We can equip the set of cocycle morphisms (¢, u) : (A, ) — (B, ) with
the point-norm topology in the first variable, and the strict topology in the
second variable, but uniformly over compact sets K C G. If A is separable
and B is o-unital, then this yields a Polish topology.

| A\

y
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Introduction The cocycle category

Definition
We say that a cocycle morphism (¢, u) : (A, «) — (B, ) is approximately
unitarily equivalent to (v, v), if there exists a net uy € U(M(B)) such

that Ad(uy) o (¢, u) AZ30 (1, v). We write (¢,u) =2 (¢, v).
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Introduction The cocycle category

Definition

We say that a cocycle morphism (¢, u) : (A, «) — (B, ) is approximately
unitarily equivalent to (¢, v), if there exists a net uy € U(M(B)) such

that Ad(uy) o (¢, u) Az (1, v). We write (¢,u) =2 (¢, v).

Theorem (S; Elliott in unital case)

Let o : G~ A and 5 : G ~ B be actions on separable C*-algebras.
Suppose that

(p,u): (A,a) = (B,B) and (P,v):(B,B) = (4,a)
are two cocycle morphisms such that
(¥,v) o (p,u) ~uida  and (p,u)o (¢,v) ~uidp.

Then (¢, u) and (v, v) are approximately unitarily equivalent to mutually
inverse cocycle conjugacies between (A, «) and (B, 3).

v
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Introduction The cocycle category

The aforementioned intertwining theorem also works with respect to the
analogous notion of asymptotic unitary equivalence.
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Introduction The cocycle category

The aforementioned intertwining theorem also works with respect to the
analogous notion of asymptotic unitary equivalence.

~» This motivates the study of uniqueness and existence theorems in the
given categorical framework. The focus here shall be on “uniqueness”.

More specifically, we focus on Kasparov's G-equivariant K K-functor as an
important invariant, and investigate what information we can extract.
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Equivariant Kasparov theory Preliminaries

Now follows the unavoidable discussion on K K“-theory.
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Now follows the UNAvoidable discussion on K KC-theory.

To every pair of actions a: G ~ A and 8 : G ~ B on separable
C*-algebras, we can assign an abelian group K K%(a, 3). This assighment
is contravariant in the first variable and covariant in the second.

The Kasparov product allows one to view the G-C*-algebras as a new
category, with KK (a, ) being the Hom-set of arrows a — f3.

Theorem (Thomsen, generalizing Cuntz and Higson)

The K KC-category is universal for functors from separable G-C*-algebras
to abelian groups that are stable, half-exact, and homotopy invariant.
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-
Now follows the U n aVO l d a b I e discussion on

K K%-theory.

To every pair of actions a: G ~ A and 5 : G ~ B on separable
C*-algebras, we can assign an abelian group K K%(a, ). This assighment
is contravariant in the first variable and covariant in the second.

The Kasparov product allows one to view the G-C*-algebras as a new
category, with KK (a, 3) being the Hom-set of arrows a — f3.

Theorem (Thomsen, generalizing Cuntz and Higson)

The K KC-category is universal for functors from separable G-C*-algebras
to abelian groups that are stable, half-exact, and homotopy invariant.

The key towards the proof of this is a generalization of the Cuntz picture
of ordinary K K-theory. (Cuntz—Thomsen picture)
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Equivariant Kasparov theory Cuntz—Thomsen picture

From now on, we will fix actions a: G ~ A and 8 : G ~ B on separable
C*-algebras, and assume (B, 3) is conjugate to (B ® K, 5 ® idk).

Definition (Thomsen)

An (a, B)-Cuntz pair is a pair of cocycle representations

(o, u), (¥,v) = (4, @) = (M(B), )

such that the pointwise differences ¥ — ¢ and v — u take values in B. We
say that this pair is degenerate if p = 1.

v

(In the original definition, v — u is assumed to be norm-continuous, which
turns out to be automatic.)
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Equivariant Kasparov theory Cuntz—Thomsen picture

From now on, we will fix actions a: G ~ A and 8 : G ~ B on separable
C*-algebras, and assume (B, 3) is conjugate to (B ® K, 5 ® idk).

Definition (Thomsen)

An (a, B)-Cuntz pair is a pair of cocycle representations

(o, u), (¥,v) = (4, @) = (M(B), )

such that the pointwise differences ¥ — ¢ and v — u take values in B. We
say that this pair is degenerate if p = 1.

v

(In the original definition, v — u is assumed to be norm-continuous, which
turns out to be automatic.)

Definition

Pick two isometries 51,52 € M(K) C M(B)? with 515} + sas5 = 1. For

b1, by € M(B), one defines by @ by = by B, s, b2 = 51b15] + S2bas3. This
element does not depend on the choice of s1, s5 up to conjugation with a

uniquely determined unitary in Uy(M(B)P).
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SCVEERISAEEEIA A Cuntz—Thomsen picture

Definition

Given two (a, 3)-Cuntz pairs [(p), u)), (), v))] for j = 1,2, we can
define their sum as

(6,00, (0, v )] @ (5, 4 (w@ o)
= (¢ o e?,u ou®),0 oyp®, vl e v?).
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Definition

Given two (a, 3)-Cuntz pairs [(p), u)), (), v))] for j = 1,2, we can
define their sum as

[(®, u®), (O, v)] @ [(o?, u(2) (W) v(2))]
= (¢ o e?,u ou®),0 oyp®, vl e v?).

We denote B[0,1] = C([0, 1], B) and 3]0, 1] the obvious G-action.
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Equivariant Kasparov theory Cuntz—Thomsen picture

Definition

Given two (a, 3)-Cuntz pairs [(p), u)), (), v))] for j = 1,2, we can
define their sum as

[(®, u®), (O, v)] @ [(o?, u(2) (W v(2 )
= (¢ o e?,u ou®),0 oyp®, vl e v?).

We denote B[0,1] = C([0, 1], B) and 3]0, 1] the obvious G-action.

Definition
For a (a, 5[0, 1])-Cuntz pair

(®,0),(¥,V) : (A4, a) - (M(B]0,1]), 5[0, 1]),

the evaluation at the endpoints 0,1 € [0, 1] yields two (¢, §)-Cuntz pairs.
This defines the homotopy relation ~j, on («, 3)-Cuntz pairs.
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Equivariant Kasparov theory Cuntz—Thomsen picture

Definition

Given two (a, 3)-Cuntz pairs [(p), u)), (), v))] for j = 1,2, we can
define their sum as

[(®, u®), (O, v)] @ [(o?, u(2) (W v(2 )
= (¢ o e?,u ou®),0 oyp®, vl e v?).

We denote B[0,1] = C([0, 1], B) and 3]0, 1] the obvious G-action.

Definition
For a (a, 5[0, 1])-Cuntz pair

(®,0),(¥,V) : (A4, a) - (M(B]0,1]), 5[0, 1]),

the evaluation at the endpoints 0,1 € [0, 1] yields two (¢, §)-Cuntz pairs.
This defines the homotopy relation ~j, on («, 3)-Cuntz pairs.

The (a, 8)-Cuntz pairs modulo homotopy form an abelian semigroup.
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SCVEERISAEEEIA A Cuntz—Thomsen picture

We denote E%(a, ) = {(a, B)-Cuntz pairs}, and D% (o, 3) the subset
given by degenerate elements. One defines an equivalence relation on
ES(a, B) via

T ~gp Ty & ddi,ds € ]D)G(a,ﬂ) D x1 Ddy ~p 29 D ds.
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SCVEERISAEEEIA A Cuntz—Thomsen picture

We denote E%(a, ) = {(a, B)-Cuntz pairs}, and D% (o, 3) the subset
given by degenerate elements. One defines an equivalence relation on
ES(a, B) via

T ~gp Ty & ddi,ds € DG(a,ﬂ) D x1 Ddy ~p 29 D ds.

Then KK (o, B) := E%(a, 8)/ ~1, becomes an abelian group with “@".
(This is a theorem of Thomsen!)

Functoriality: ' (p,u) : (4,0) = (B, 8) 1~ [(p,u), (0,u)] € KK%(a, B)
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Equivariant Kasparov theory Cuntz—Thomsen picture

We denote E%(a, ) = {(a, B)-Cuntz pairs}, and D% (o, 3) the subset
given by degenerate elements. One defines an equivalence relation on
ES(a, B) via

T ~gp Ty & ddi,ds € DG(a,ﬂ) D x1 Ddy ~p 29 D ds.

Then KK (o, B) := E%(a, 8)/ ~1, becomes an abelian group with “@".
(This is a theorem of Thomsen!)

Question (Stable uniqueness)

If a Cuntz pair
(pyu), (¥,v) : (A, 0) = (M(B), B)

defines the zero element in KK, what does this really tell us?
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Equivariant Kasparov theory The stable uniqueness theorem

Definition
For two cocycle representations

(pyu), (¢, v) : (4, @) = (M(B), ),

let us write (p,u) ~p (1,v), if there is a continuous family {v;}, g in

U(M(B)) such that Ad(v;) o o = 9 in point-norm, v g By (ve)* iy Vg
in norm uniformly over compacts, and the respective pointwise differences
take value in B. If we may assume v; € U(1 + B), write (o, u) ~p (1, )
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Equivariant Kasparov theory The stable uniqueness theorem

Definition
For two cocycle representations

(pyu), (¢, v) : (4, @) = (M(B), ),

let us write (p,u) ~p (1,v), if there is a continuous family {v;}, g in
t—o0

U(M(B)) such that Ad(v;) o o = 9 in point-norm, Vg By (ve)* — vy
in norm uniformly over compacts, and the respective pointwise differences
take value in B. If we may assume v; € U(1 + B), write (p,u) ~p (¢, )

A cocycle representation (0,x) : (4,a) — (M(B), ) is called absorbing,
if for every cocycle representation (¢, u) : (A, ) — (M(B),3), we have

(Q,X) ©® (90’ U) ~B (evx)' )
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SCTVEEECELEVA LA The stable uniqueness theorem

Our goal is to generalize the following fundamental theorem from
C*-algebras to C*-dynamics.

Theorem (Lin, Dadarlat—Eilers)

Let p,¢ : A — M(B) be a Cuntz pair of representations, and let
0 : A — M(B) be an absorbing representation. Then [p,1] =0 in
KK(A,B) ifand only if p 60 ~p 9 & 0.
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C*-algebras to C*-dynamics.

Theorem (Lin, Dadarlat—Eilers)

Let p,¢ : A — M(B) be a Cuntz pair of representations, and let
0 : A — M(B) be an absorbing representation. Then [p,1] =0 in
KK(A,B) ifand only if p 60 ~p 9 & 0.

The first obstacle is that we need to transfer the theory of absorbing
representations to the dynamical setup, and guarantee that we are not just
talking about the empty set.
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Equivariant Kasparov theory The stable uniqueness theorem

Our goal is to generalize the following fundamental theorem from
C*-algebras to C*-dynamics.

Theorem (Lin, Dadarlat—Eilers)

Let p,¢ : A — M(B) be a Cuntz pair of representations, and let
0 : A — M(B) be an absorbing representation. Then [p,1] =0 in
KK(A,B) ifand only if p © 0 ~p ¢ & 6.

The first obstacle is that we need to transfer the theory of absorbing
representations to the dynamical setup, and guarantee that we are not just
talking about the empty set.

Theorem (Gabe-S, generalizing Thomsen)

For any actions oo : G ~ A and 3 : G ~ B on separable C*-algebras,
there is an absorbing cocycle representation (6,x) : (A,a) — (M(B), ).

(The same is true w.r.t. “unitally/nuclearly absorbing” etc.)
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Theorem (Gabe-S)
Suppose that

(s ), (¢, v), (0,%) : (4, a) = (M(B),5)

are three cocycle representations such that the first two form a
(a, B)-Cuntz pair, and (0,x) is absorbing. Then [(p,u), (¢,v)] =0 in
KKC(a,B) if and only if (9 © 0,u ®x) ~p (¢ ®0,v®x).
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Equivariant Kasparov theory The stable uniqueness theorem

Theorem (Gabe-S)
Suppose that

(o, u), (¥, v), (0,%) : (A, ) = (M(B), B)
are three cocycle representations such that the first two form a
(a, B)-Cuntz pair, and (0,x) is absorbing. Then [(p,u), (¢,v)] =0 in
KKC(a,B) if and only if (9 © 0,u ®x) ~p (¢ ®0,v®x).

But why bother?
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are three cocycle representations such that the first two form a
(a, B)-Cuntz pair, and (0,x) is absorbing. Then [(p,u), (¢,v)] =0 in
KKC(a,B) if and only if (9 © 0,u ®x) ~p (¢ ®0,v®x).

But why bother?
Because the known stable uniqueness theorem has had an enourmous
impact on the structure and classification of C*-algebras in recent years.
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Theorem (Gabe-S)
Suppose that

(o, u), (¥, v), (0,%) : (4, @) = (M(B), B)
are three cocycle representations such that the first two form a
(a, B)-Cuntz pair, and (0,x) is absorbing. Then [(p,u), (¢,v)] =0 in
KKC(a,B) if and only if (9 © 0,u ®x) ~p (¢ ®0,v®x).

But why bother?
Because the known stable uniqueness theorem has had an enourmous
impact on the structure and classification of C*-algebras in recent years.
@ In the first instance, Dadarlat—Eilers used it to give a slick alternative
proof for the Kirchberg—Phillips theorem

Gébor Szabé (KU Leuven) August 2019 13/19



Theorem (Gabe-S)
Suppose that

(o, u), (¥, v), (0,%) : (4, @) = (M(B), B)
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Suppose that

(o, u), (¥, v), (0,%) : (4, @) = (M(B), B)
are three cocycle representations such that the first two form a
(o, B)-Cuntz pair, and (6,x) is absorbing. Then [(p,u), (¢,v)] =0 in
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Because the known stable uniqueness theorem has had an enourmous
impact on the structure and classification of C*-algebras in recent years.
@ In the first instance, Dadarlat—Eilers used it to give a slick alternative
proof for the Kirchberg—Phillips theorem
o It is deeply rooted in the modern abstract classification program, both
via tracial approximation or the new ultrapower approach
o It was a key method in the original proof of the quasidiagonality
theorem of Tikuisis—-White-Winter

o ...
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Equivariant Kasparov theory [[ERGHLI3

I will roughly outline the proof and its most non-trivial ingredients.
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Equivariant Kasparov theory Idea of proof

| will roughly outline the proof and its most non-trivial ingredients.

Let (o, u), (¢,v) : (A, a) = (M(B),3) be two cocycle representations.
We say that (¢, v) is weakly contained in (p, u), written (¢, v) < (¢, u),
if for every contraction s € B, € > 0 and compact sets F C A and

K C G, there exist elements ¢q,...,c, € B such that

_ N <
me%}rcﬂsd) s ch )eill < e

and L2
max ||b vy By (b) — ZC;Ugﬁg(Cj)“ e
geK j=1
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Equivariant Kasparov theory Idea of proof

| will roughly outline the proof and its most non-trivial ingredients.

Let (o, u), (¢,v) : (A, a) = (M(B),3) be two cocycle representations.
We say that (¢, v) is weakly contained in (p, u), written (¢, v) < (¢, u),
if for every contraction s € B, € > 0 and compact sets F C A and

K C G, there exist elements ¢q,...,c, € B such that

_ N <
me%}rcﬂszb s ch )eill < e

and L2
max ||b vy By (b) — Z jugBy(c)ll < e.
geK j=1

This concept simultaneously generalizes two well-studied phenomena. If
= {1}, then this recovers “weak domination” of 1) by ¢ as u.c.p. maps.

If G is non-trivial but A=C, B=K, f=1id, ¢ =1 = e -1, then this

recovers weak containment of unitary representations G — U (¢2).
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Definition

Suppose (B, ) is conjugate to (B ® K, f ® idx). Choose isometries
t, € M(B)P with 1 = 3", . tat, in the strict topology. For a sequence of
cocycle representations (@, u™) : (4,a) — (M(B), 8), we define its

direct sum
B (pn,u™) = (X tava(o)t, 3 taus”y).

neN neN neN

oo ., 00

If (@n,u™) = (p,u) is constant, we define the infinite repeat (>, u™)
accordingly. Up to equivalence via a unitary in M(B)?, none of this
depends on the choice of {¢,}.
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If (@n,u™) = (p,u) is constant, we define the infinite repeat (>, u™)
accordingly. Up to equivalence via a unitary in M(B)?, none of this
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Lemma (Gabe-S; generalizing Voiculescu, Kasparov)

Let (p,u), (¢,v) : (A, a) = (M(B), ) be two cocycle representations.
Then (¢,v) < (p,u) if and only if (p*°,u™®) ~p (¢ ® P>, u>® G v™).
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Definition
Suppose (B, ) is conjugate to (B ® K, f ® idx). Choose isometries

t, € M(B)P with 1 = 3", . tat, in the strict topology. For a sequence of
cocycle representations (@, u™) : (4,a) — (M(B), 8), we define its

direct sum
@(Son» U(n)) = ( Z tnpn(®)ty, Z t”usn)t;)

neN neN neN

If (@n,u™) = (p,u) is constant, we define the infinite repeat (>, u™)
accordingly. Up to equivalence via a unitary in M(B)?, none of this
depends on the choice of {¢,}.

Lemma (Gabe-S; generalizing Voiculescu, Kasparov)

Let (p,u), (¢,v) : (A, a) = (M(B), ) be two cocycle representations.
Then (¢,v) < (p,u) if and only if (p*°,u™®) ~p (¢ ® P>, u>® G v™).

(The proof largely follows the old proofs, but involves lots of additional
keeping track of the cocycles in the key steps.)
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Equivariant Kasparov theory Idea of proof

The existence of (unitally/nuclearly) absorbing cocycle representations is
an easy corollary of the following much more general fact. We still assume
that A and B are separable and (B, () is conjugate to (B ® K, 8 ® idk).

Theorem (Gabe-S)

Let € be a family of cocycle representations (A, o) — (M(B),3) that is
closed under unitary equivalence via U(M(B)?), and is closed under
countable direct sums. Then there exists (0,x) € € such that

(0,%) & (¢, u) ~p (8,x) for all (p,u) € €.
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The existence of (unitally/nuclearly) absorbing cocycle representations is
an easy corollary of the following much more general fact. We still assume
that A and B are separable and (B, () is conjugate to (B ® K, 8 ® idk).

Theorem (Gabe-S)

Let € be a family of cocycle representations (A, ) — (M(B), 3) that is
closed under unitary equivalence via U(M(B)?), and is closed under
countable direct sums. Then there exists (0,x) € € such that

(0,%) ® (p,u) ~p (0,x) for all (p,u) € €.

Proof: The strict topology on M(B) is metrizable and separable. We
equip the set of all cocycle representations (p,u) : (A, a) — (M(B), 3)
with the point-strict topology in the first variable, and the uniform strict
topology over compact sets K C G in the second variable. Since A is
separable and G is 2"¥-countable, we obtain a separable Polish space.
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Equivariant Kasparov theory Idea of proof

The existence of (unitally/nuclearly) absorbing cocycle representations is
an easy corollary of the following much more general fact. We still assume
that A and B are separable and (B, () is conjugate to (B ® K, 8 ® idk).

Theorem (Gabe-S)

Let € be a family of cocycle representations (A, ) — (M(B), 3) that is
closed under unitary equivalence via U(M(B)?), and is closed under
countable direct sums. Then there exists (0,x) € € such that

(0,%) ® (p,u) ~p (0,x) for all (p,u) € €.

Proof: The strict topology on M(B) is metrizable and separable. We
equip the set of all cocycle representations (p,u) : (A, a) — (M(B), 3)
with the point-strict topology in the first variable, and the uniform strict
topology over compact sets K C G in the second variable. Since A is
separable and G is 2"¥-countable, we obtain a separable Polish space. In
particular € is separable and we find a dense sequence (¢, U(")) ec.
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Equivariant Kasparov theory BH[EERCIRLICL

Proof: (continued)

In particular € is separable and we find a dense sequence (¢, u(”)) e

Gébor Szabé (KU Leuven) Stable uniqueness for K K August 2019 17 /19



Equivariant Kasparov theory BH[EERCIRLICL

Proof: (continued)

In particular € is separable and we find a dense sequence (¢, u(”)) e
Set (¢, v) = @,en(n, u™) € €. Then it is a straightforward exercise
that (p,u) < (¢, v) for all (¢, u) € €. By the previous Lemma, it follows
that (6,x) = (°°,v*>°) has the desired property. O
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Equivariant Kasparov theory Idea of proof

Proof: (continued)

In particular € is separable and we find a dense sequence (¢, u(”)) ec.
Set (¢, v) = @,en(n, u™) € €. Then it is a straightforward exercise
that (¢, u) < (¢, v) for all (¢,u) € €. By the previous Lemma, it follows
that (6,x) = (°°,v*>°) has the desired property. O

Like in the work of Dadarlat—Eilers, one builds on this fact and uses
various reduction tricks to show that an equivariant Cuntz pair

(s ), (¥, v) : (A, @) = (M(B), )

is K KC-trivial precisely when, after adding an absorbing cocycle
representation, they become operator homotopic in an appropriate sense.
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Equivariant Kasparov theory Idea of proof

To end up with the desired statement in the stable uniqueness theorem,
one uses all of these facts to carefully set up the application of the
following theorem.

Theorem (Gabe-S; generalizing Pedersen, Dadarlat—Eilers)

Let § : G ~ D be an action on a separable unital C*-algebra. Suppose
that (p,u) : (D,6) — (D, 0) is a cocycle conjugacy which is uniformly
norm-homotopic to the identity in the cocycle automorphism group of
(D,9).
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Equivariant Kasparov theory Idea of proof

To end up with the desired statement in the stable uniqueness theorem,
one uses all of these facts to carefully set up the application of the
following theorem.

Theorem (Gabe-S; generalizing Pedersen, Dadarlat—Eilers)

Let § : G ~ D be an action on a separable unital C*-algebra. Suppose
that (p,u) : (D,6) — (D, 0) is a cocycle conjugacy which is uniformly
norm-homotopic to the identity in the cocycle automorphism group of
(D,6). Then (p,u) is strongly asymptotically inner, i.e., there is a unitary
path v : [0,00) — U(D) with vp = 1 and

(907 lu) = tliglo (Ad(vt)v Vide (vt)*)‘
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Equivariant Kasparov theory Idea of proof

To end up with the desired statement in the stable uniqueness theorem,
one uses all of these facts to carefully set up the application of the
following theorem.

Theorem (Gabe-S; generalizing Pedersen, Dadarlat—Eilers)

Let § : G ~ D be an action on a separable unital C*-algebra. Suppose
that (p,u) : (D,6) — (D, 0) is a cocycle conjugacy which is uniformly
norm-homotopic to the identity in the cocycle automorphism group of
(D,d). Then (g, u) is strongly asymptotically inner, i.e., there is a unitary
path v : [0,00) — U(D) with vp = 1 and

(907 lu) = tliglo (Ad(vt)7 Ut(s'(vt)*)‘

4

Similarly to the case G = {1}, the proof of this fact boils down to the case
where (o, u) has uniform norm-distance less than % from the identity.
Using a measurable cocycle vanishing argument, one first shows that (¢, u)
is genuinely inner on the double dual (D**,§) in a specific way. ks Teka!

Then the rest follows from a Hahn—Banach convexity argument.
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Next goal: Equivariant Kirchberg—Phillips theorem!
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Next goal: Equivariant Kirchberg—Phillips theorem!

Conjecture (S)

Let I' be a countable discrete amenable group. Let B : ' ~ B be an outer
action on a stable Kirchberg algebra. Let a: ' ~ A be an action on a
separable exact C*-algebra. Then the canonical map

{coc-hom’s (p,u) : (A,a) — (B,B)}/ ~p — KK"(a,p)

iS a bijection (Actually this needs to be stated a bit more carefully, but let’s not worry about it...)
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Next goal: Equivariant Kirchberg—Phillips theorem!
Conjecture (S)

Let I' be a countable discrete amenable group. Let B : ' ~ B be an outer
action on a stable Kirchberg algebra. Let a: ' ~ A be an action on a
separable exact C*-algebra. Then the canonical map

{coc-hom’s (¢, u) : (A, o) — (B, )} / ~p — KKF(a,ﬂ)

iS a bU eCtion (Actually this needs to be stated a bit more carefully, but let’s not worry about it...)

Corollary (assuming the above conjecture holds)

Let ao: T~ A and B : T' ~ B be outer actions on Kirchberg algebras.

© Suppose A and B are stable. Then any invertible element in
KK (a, B) lifts to a cocycle conjugacy.

Q Suppose A and B are unital. Then any invertible element in
k€ KK (a, B) with k([1a]o) = [1B]o € Ko(B) lifts to a cocycle
conjugacy.

o
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Thank you for your attention!
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